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Liquid polymorphism and density anomaly in a lattice gas model
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We present a simple model for an associating liquid in which polymorphism and density anomaly are
connected. Our model combines a two dimensional lattice gas with particles interacting through a soft core
potential and orientational degrees of freedom represented through thermal “ice variables.” The competition
between the directional attractive forces and the soft core potential leads to a phase diagram in which two
liquid phases and a density anomaly are present. The coexistence line between the low density liquid and the
high density liquid has a positive slope contradicting the surmise that the presence of a density anomaly
implies that the high density liquid is more entropic than the low density liquid.
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Water is one of the most mysterious materials in nature. leter. In the second case, it may arise from the competition
exhibits a number of thermodynamic and dynamic anomabetween occupational and Potts variables introduced through
lous propertie$1-3], such as the maximum as a function of a dependency of bond strength on local density states.
temperature both in density and in isothermal compressibility We propose a description also based on occupational and
in the liquid phase. It has been proposed some time ago thatientational degrees of freedom. Inclusion of the orienta-
these anomalies might be associated with a critical point aional part aims at representing the directionality of the hy-
the terminus of a liquid-liquid line in the unstable super-drogen bonding that favors open structures. For that purpose,
cooled liquid regiori4] at high pressures, following the sug- we employ a modification of the thermal versigi,22] of
gestion, based on varied experimental d&fa of a thermo-  the ice model[23], so successful in the description of ice
dynamic singularity in supercooled water around 228 K andentropy. Competition between the filling up of the lattice and
at atmospheric pressure. In spite of the limit of 235 K belowthe formation of an open four-bonded orientational structure
which water cannot be found in the liquid phase withoutis naturally introduced in terms of the ice bonding variables
crystallization, two amorphous phases were observed aind noad hocintroduction of density or bond strength varia-
much lower temperatur¢§]. There is evidence, although yet tions is needed. Our approach is similar to that of some con-
under test, that these two amorphous phases are related tiauous modeld24—24¢, but the reduction of phase space
fluid water[7,8]. imposed by the lattice allows construction of the full phase

Notwithstanding its confirmation for metastable water, in-diagram from simulations, not always possible for continu-
terest in liquid polymorphism arose, and the coexistence obus modeld24].
two liquid phases was uncovered as a possibility for a few We thus consider a lattice gas on a triangular lattice with
others, both associating and nonassociating liquids. Notablsites which may be full or empty. Besides the occupational
examples include liquid metal®], silica [10], phosphorus variableso; associated to each partidlethere are six other
[11,12, and graphit¢13]. The relation between liquid poly- variables 7! pointing to neighboring siteg: four are the
morphism and density anomaly has been a subject of debatgual ice bondmg arms, two donor, W|H11 1, and two
in recent theoretical literatufe 4]. acceptor, with7)=-1, while two additional opposite arms

From a microscopic point of view, water anomalies havegre taken as me(nonbondmg 7-'1 =0, as illustrated in Fig.
been interpreted qualitatively sinfe5], in terms of the pres- 1. Therefore each occupied site is allowed to be in one of 18
ence of an extensive hydrogen bond network which persistgossible states. Two kinds of interactions are considered: iso-
in the fluid phas¢16]. In the case of lattice models, the main tropic “van der Waals” and orientational hydrogen bonding.
strategy has been to associate the hydrogen bond disordgn energy v is attributed to each pair of occupied neigh-
with bond[17,18 or site[19,20 Potts states. In the former horing sites that form a hydrogen bond, while nonbonding
case coexistence between two liquid phases may follow frompairs have an energyv—+2u (for u > 0), which makes -@
the presence of an order-disorder transition and a densithe energy of a hydrogen bond. The overall model energy is
anomaly is introducedd hoc by the addition to the free given by
energy of a volume term proportional to a Potts order param- - -
E=>{(-v+ u)oigj +uoioyr T (L-7{7)}, (1)

(i)

*Electronic address: vhenriques@if.usp.br whereo; =0,1 are occupation variables amﬂzo,il repre-
Electronic address: barbosa@if.ufrgs.br; URL:http:// sent the arm states described above. Note that each particle
www.if.ufrgs.br/~barbosa may have six neighbors, but the number of bonds per mol-
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FIG. 1. The model orientational state: four bonditigpnor and
receptoy and two nonbonding arms.

ecule is limited to 4. Fou/v>1/2, the van der Waals forces
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FIG. 3. Pressure vs density isotherms for different temperatures.
/v andp are given in units of lattice space and the temperature is

become repulsive. As a result, each molecule attracts foyp ynits of k.

neighbors, if properly oriented, and repels the other two. An

intepretation for this “repulsion” would be that the presence Our model may be interpreted in terms of some sort of

of the two extra neighbors distorts the electronic orbitalsaverage soft core potential for large hydrogen bond energies.

thus weakening the hydrogen bonds. The LD phase implies average interparticle distance
Inspection of the model properties allows the predictiond, ,=p;2?>=2/3, whereas for the HD phase we have

of two ordered states, as shown in Fig. 2. For low chemicah?D:p;'gZ:L The corresponding energies per pair of par-

potential, the soft core repulsion becomes dominant, ticles is -v and -v+2u/3. The hard core is offered by the
=0.75, and energy “volume” density is given ByE/V= |attice. Foru/v>3/2, the shoulder becomes repulsive, mak-
—3v/2, whereV is the number of lattice sites. If the chemical jng the potential soft core.

potential is high,p=1, and energy densitg=-3v+2u. At The model properties for finite temperatures were ob-
zero temperature, the low density liquidDL) coexists With  {ained through Monte Carlo simulations in the grand-
the high density liquidHDL) at chemical potentialt/v=" canonical ensemble using the Metropolis algorithm. Particle

~6+8u/v, obtained by equating the grand potential densityinsertion and exclusion were tested with transition probabili-
(or pressureassociated with each one of these phases. Simijeg given byw(insertion = exp(-A ¢) andw(exclusion=1 if
larly the coexistence pressure at zero temperature is given bﬂ¢>0 or w(insertion=1 and w(exclusion=expg+Aa) if
p/v=-3+6u/v. Besides these two liquid states, a gas phasq ;o with Ad=exn B(e....— u)-In(18)' wheree. ..

is also found and it coexists with the low density liquid at isd;he energy ﬁf the%ﬁ%{gg'ﬁ]c’lﬁded_( Si)ice the eﬁ;‘%‘j and

chemical potentigl/v=-2 and pressurp=0. The condition ¢ 'jtes are visited randomly, the factor 18 is required in
for the presence of the two liquid phases is therefofte order to guarantee detailed balance

>0.5. Simulational data were generated both from fixed tem-
perature and fixed chemical potential simulations. Some test
runs were done foL=4, 10, and 20. A detailed study of the
model proerties and the full phase diagrams was undertaken
for an L=10 lattice. The relevant parameter rangeuis
>1/2. For lower values ob, the LDL disappears. In the
present work we consider the case in which bonding and
nonbonding interactions are symmetric in strength, thus
u/v=1 [27]. Runs were of the order of §0Monte Carlo
steps.

The three phases obtained at zero temperature are present
for low temperatures, as can be seen in the isotherms of Fig.

S 3. The model exhibits two first order phase transition lines,

gas-LDL and LDL-HDL, respectively.
‘— In order to obtain the complete phase diagram, including

the two critical points, and to check for density anomalies,

FIG. 2. High density liquid, HDL, with density ftop) and low  pressure was computed by numerical integration of the
density liquid, LDL, with density 3/4(bottom) on the triangular Gibbs Duhem equatiorSdT-VdP+Ndw=0, at fixed tem-
lattice. perature. Integration was carried out from effective zero den-
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0.9 ; ; ; y The liquid-liquid coexistence line has a positive inclina-
tion, except at very low temperatures, where the result at
=0.3 appears to be below the exact resulfal, obtained

by equating the enthalpy densities. From the Clapeyron con-
dition, (dp/dT)|c0ex=ASs/Av, the positive slope implies that
within our model and close to the critical point the HDL
phase has lower entropy than the LDL phase. The nonmono-
tonic behavior of the entropic gap between the two phases as
the temperature is varied can be discussed in the following
terms. There are two “sources” of entropy: particle position
and bond distribution. The effect of increasing the tempera-
ture starting fromT=0 is initially similar for both phases:
particles are removed from de HD phase and added to the
LD phase. However, loss of particles occurs at a higher rate

*--%p/v=1.92 than the addition of particles, while HB density decreases at
a higher rate in the LD phase than in the HD phase. The

0.6 - : - L entropy gain for the HDL is bigger than the one for the LDL
04 06 o ! 12 L4 (the slope of the coexistence line at this low temperature is

negative, implying a predominance of the positional entropy

FIG. 4. Density anomaly for different pressures. The units arecontribution. Beyond a threshold temperature the LDL den-
the same as in Fig. 3. sity increase steepens, the hydrogen bonds break at similar
) ) . . rates in both phases and the entropic gain of this phase ex-

sity, at which pressure is zero, to obtdp, T) isotherms. s that of the HDL. The slope of the coexistence line
The pressure isotherms show that an inversion of the b&secomes positive. One may conclude that translational and

havior of density as a function of temperature takes place 3ot orientational entropy commands the sian of the entro
intermediate pressures, in the LDL phase. At smaller pres: Py 9 Py

, . ap.
sures,p/v~1, density decreases with temperature, whereas IIanside each phase, the density anomaly can be related to
at higher pressurep/v ~ 3, density increases with tempera- '

ture. This yields a density anomaly in the higher range oilhe behav?or of entropy as a function of pressure. FrF”.“ ther-
pressures, which we illustrate in Fig. 4. modynamlgs, a negat|v.e' therma] expansion coe_fﬂcmnt

Finally, from a large set of temperatures, we build up the— (‘QU/&T)P implies a positive grad|ept of entropy with pres-
pressure versus temperature coexistence curves shown §H'€ Since(du/dT),=—(ds/dp)r. This property has been
Fig. 5. It shows the gas-LDL and LDL-HDL coexistence thought[14] to imply that the presence of a density anomaly
lines ending at two critical point§ andC’, respectively. The would lead to a high entropy high density phase, and there-
presence of the second critical point indicates that the HDIfore to a negative slope of the coexistence line, as is true for
is actually a liquid phasécriticality is not possible between the ice fusion line. The present model proves that this as-
liquid and solid phasesThe line of temperature of maxi- sumption is misfounded and that this is not a general behav-
mum densities, TMD, is also shown. ior.

What we have here is the following: on the low density
side, the thermal expansion coefficient is negative, whereas
on the high density phase it is positive, as can be gathered
from the pressure-density isotherms. The positive slope of

DL
3e ¢ ]
./._w"/' TMD the coexistence line implies, by Clausius-Clapeyron, that the
Q\Q} high density phase is the lower entropy phase. Thus at con-

4 T T T T

H

stant temperature, entropy increases with pressure up to the
coexistence line, drops discontinuously across this line, and
LDL then decreases with pressure, as in any normal liquid. There-
fore the sign of entropy variation across the coexistence line
17 1 may be either positive, as in this model, or negative, as in the
fusion of ice, following, inboth casesthe high pressure
sign.
op—s—=—unuC 1 The model proposed is a truly statistical model which
includes orientational and occupational variables, and guar-
Gas antees the local distribution of hydrogens on molecular
-1 . . . . bonds, without the need of increasing the volume artificially
0 0.2 0.4 T 0.6 0.8 1 or introducing artificial orientational variabl¢29]. In spite
v . ; t "
of the absence of an orientational order-disorder transition
FIG. 5. Phase-diagram showing pressure vs temperature. TH&2], the model presents liquid-liquid coexistence, with posi-
open circles represent the TMD, the filled circleguaresare the  tive inclination in the pressure-temperature plane, accompa-
LDL-HDL (gas-LDL) coexistence lines. The coexistence at zeronied by a line of maximum density, on the low density side,
temperature ap/v=3 is exact. a feature expected for water. Besides, this study points to the
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fact that the presence of a density anomaly, witkt 0, on We have shown that it is possible to incorporate some of
the low temperature side, and as a conseque{@&gp)r  the microscopic properties of true water molecules into a
>0, does noimply a negative slope of the liquid-liquid line, very simple minimal model. The model presents some of the
contrasting with the results for most studies of metastabl@xpected anomalig$or density, specific heat, and compress-

liquid-liquid coexistence in models for water, which suggestibility ), but of course studies of its hydration properties and
a transition line with negative gradief28]. solubility are still needed.

The presence of both a density anomaly and two liquid e also address the presence of liquid polymorphism and
phases in our model begs the question of which features gfs relation to the presence of density anomaly. Our model
this potential are responsible for such behavior. Averageghresents both of them and proves the possibility of the pres-
over orientational degrees of freedom, our model can be se€thce of hoth for a high pressure less entropic phase, differ-
as some kind of shoulder potential, with the liquid-liquid ently from what was common belief in the literature.
coexistence line being present only for a repulsive van der | symmary, we have found that a lattice gas with orien-
Waals potential. The same was indeed observed for continyational icelike degrees of freedom can generate a density

ous step pair potential44,30, for which, however, the den-  anomaly and a liquid-liquid phase boundary with positive
sity anomaly is absent. On the other hand, a density anomalyjgpe.

seems to be associated with smooth soft core potentials
[31,32, which would be hidden, in our model, in the orien-  This work was supported by the Brazilian science agen-
tational degrees of freedom. cies CNPq,FINEP, Fapesp, and Fapergs.
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